We describe a simple approach for calculating the effective conductivity, dielectric constant, and magnetoresistance of periodic composites, by reducing the composite to an effective impedance network. The method is used to calculate the effective conductance of periodic two-dimensional binary composites on a square lattice, in good agreement with previous calculations using other methods. We use the same approach to calculate the magnetoresistivity of a periodic composite of parallel perfectly conducting cylinders arranged on a square lattice in a magnetic field perpendicular to the cylinders. We find a striking anisotropy, depending on the angle between the magnetic field and an axis of the square lattice. The anisotropy is explained by means of a percolation argument. ͓S0163-1829͑97͒04546-3͔
I. INTRODUCTION
The electrical and magnetic properties of periodic composites have recently been of much theoretical interest. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] In part, this interest has arisen because periodicity makes these properties less difficult to calculate. In addition, advances in microfabrication technology have made it possible to design periodic composites almost to order, especially in two dimensions ͑2D͒, even on a submicron scale. 11 While the properties of periodic composites on this scale may often be strongly influenced by quantum effects ͑such as Josephson tunneling between superconducting grains [12] [13] [14] ͒, the ''classical'' behavior of these composites ͑i.e., those properties which are primarily determined by solutions of Maxwell's equations in a periodic composite͒ are still of interest, and may even dominate some experimentally observed behavior.
The basic ''classical'' problem of interest is simply the following: given a conductor, described by a periodic conductivity (x) in d dimensions ͑where d is typically 2 or 3͒, what is the effective conductivity e of the composite as a whole? In a binary composite, (x) will usually take on either of two values, say 1 or 2 , depending on whether the spatial point x lies within material 1 or 2. At sufficiently low frequencies, this problem can be treated by solving Maxwell's equations in the appropriate quasistatic limit, i.e., by finding the appropriate electrostatic potential; this is the regime we consider here. It is worth noting that a range of other, seemingly different, problems are described by formally identical equations. Among these are finding the effective dielectric function of an inhomogeneous dielectric and the effective magnetic permeability of an inhomogeneous paramagnetic material.
A wide range of theoretical methods have been applied to this problem in the literature. For example, Fourier expansion techniques have achieved excellent results [2] [3] [4] 6, 7 in a range of periodic composites. They may be applied when the constituents are isotropic conductors or dielectrics, and may even be extended to anisotropic constituents. Other approaches include series expansions of the electric potential, 5 Green's-function methods, 8 and techniques which use the analyticity of the composite effective dielectric function ⑀, viewed as a function of the ratio ⑀ 1 /⑀ 2 of the constituent dielectric functions. 9 In this paper, we describe a simple alternative scheme for treating such composites, which focuses attention on a single unit cell in real space. The scheme, a natural outgrowth of the method described in Ref. 15 , is basically to represent a unit cell of the periodic conductor as a (d-dimensional͒ square or cubic impedance network. The network is easy to construct, and the calculations are readily carried out for a wide range of geometries. Indeed, with sufficient computing power and memory, it will allow results as accurate as desired. Finally, the same approach is readily extended to complex impedances, as well as to periodic composites whose constituents are anisotropic.
To illustrate this approach, we apply it, first, to an isotropic binary periodic composite on a square lattice in 2D, but with the inclusions chosen to be of several different shapes ͑Fig. 1͒. The effective conductance, not surprisingly, shows a strong shape dependence, and also exhibits a percolation threshold which depends on the inclusion shape. The calculated results agree fairly well with a simple analytical approach ͑the so-called Maxwell-Garnett approximation͒. When comparison is possible, they are also in excellent agreement with more sophisticated Green's function or Fourier approaches. 1, 4, 8 For each shape, a kind of percolation transition is achieved by increasing the linear dimensions of the inclusions isotropically until they form a continuous path through the sample. The effective conductivity near this percolation transition does not, however, appear to show a noninteger power-law dependence on pϪ p c , the deviation of inclusion areal fraction p from the percolation fraction p c . Such a nonintegral power-law dependence is typical of percolation transitions in random composites, 16 and is presumably absent here because the composite is periodic.
As a second application, we consider the magnetoresistance of a simple model for a periodic composite of superconducting inclusions in a normal metal host. The inclusions are modeled as identical, perfectly conducting, parallel cylinders arranged on a square lattice. The magnetic field is applied normal to the cylinder axis, but at different angles to the symmetry axis of the square lattice. A slice of this composite normal to the cylinder axis could be interpreted as a two-dimensional normal-superconducting ͑NS͒ array with a magnetic field parallel to the film. While the model omits quantum effects such as Josephson coupling between different superconducting inclusions, it does include the ''classical'' effects which are known to be experimentally important in NS composites. 17 We find that both the transverse and the longitudinal magnetoresistance of this array, calculated using our single-cell numerical method, depend strongly on the angle . The anisotropy can be explained using a simple percolation argument.
We turn now to the body of the paper. In Sec. II, we describe the approach, for both isotropic periodic composites, and NS composites in the presence of magnetic-fieldproduced anisotropy. Our numerical results are given in Secs. III and IV, followed by a short discussion in Sec. V.
II. METHOD

A. Scalar effective conductivity
To describe the method, we imagine we are dealing with a periodic composite medium, usually in two or three dimensions-dϭ2 or 3. That is, the electric field E(r) and current density J(r) in the composite are related by the equation
J͑r͒ϭ͑r͒E͑r͒, ͑1͒
where (r), the position-dependent conductivity, is a periodic function of position. For convenience, we initially assume that (r) is a scalar, though in general it may be a 3 ϫ3 matrix.
The differential equations of electrostatics describing this composite are "•Jϭ0 and "ϫEϭ0. The latter equation implies that the electric field can be written as EϭϪ"⌽, where ⌽ is a scalar potential. Combining these relations gives
Nothing thus far implies that the composite is necessarily periodic.
A natural way to solve a partial differential equation is by discretizing it. Thus, a derivative such as ‫ץ‬⌽/‫ץ‬x is represented as a finite difference: ‫ץ‬⌽/‫ץ‬xϭ͓⌽(xϩ⌬,y,z) Ϫ⌽(x,y,z)͔/⌬. Here ⌬ is the grid dimension, and in the limit of small ⌬, such discretization will become exact. When this procedure is applied to the partial differential equation for ⌽, the equation becomes equivalent to Kirchhoff's Laws for a square or cubic conductance network with grid size ⌬. The equations may be written
where V i is the voltage on the ith node and g i j is the conductance between nearest neighbor nodes i and j. A discretization of this form has frequently been discussed ͑see, e.g., Ref.
16͒. Now consider a periodic composite. Then the conductances of the network will repeat themselves periodically in space, and it should be necessary to consider only one unit cell of the composite. In order to accomplish this, we write the potential as the sum of one part arising from a uniform applied electric field E 0 , and another due to deviations from uniformity. Thus
͑4͒
where r i is the position of the ith node, ϪE 0 •r i is the potential due to the uniform field, and V i Ј is the remainder of the potential. If the composite is, indeed, homogeneous ͑so that all the g i j 's are equal͒, then the uniform electric field would be an allowed solution.
Substituting Eq. ͑4͒ back into the Kirchhoff equations, we get a set of inhomogeneous equations for the V i Ј's:
͑5͒
where
Given the particular distribution of g i j 's, and given the applied field E 0 , the ⌫ i 's are known. The potentials V i Ј , and hence all the local fields and currents, can then be found simply by inverting this set of inhomogeneous linear equations.
To specialize to a periodic composite, we need only specify that the potentials V i Ј repeat periodically. ͑Note that the total potential does not repeat periodically, because that part of the potential which specifies the uniform applied field increases linearly with r.͒ Thus, we need only consider a single unit cell of this composite, represent the inhomogeneous conductivity of that cell by an appropriate conduc- tance network, and apply periodic boundary conditions ͑in two or three dimensions, as appropriate͒. We can use as dense a network as we like to treat the single unit cell, thus allowing, in principle, considerable accuracy in the results.
The linear equations can readily be solved numerically by a variety of methods. For example, we have found that a straightforward iterative method converges well for several cases we have considered. 16 Namely, we can rewrite the network equations in the form
͑7͒
Then we guess a trial form for the V j
,0 . The (n ϩ1)th iteration is obtained from the nth using the equations
and the equations are iterated to convergence. Once the local potentials and currents are thus determined, the effective conductance is easily calculated via
where I ␣ and (⌬V) ␣ denote the current and voltage drop across a single bond in the ␣ direction (␣ϭx,y,z), and the averages are taken over a unit cell of the network. The same method also permits one to obtain the electric-field distribution, if desired.
15,16
B. Magnetoresistance in periodic composites
This approach is not limited to calculating effective conductivity in isotropic composites. It can also be applied to intrinsically anisotropic problems, such as the magnetoresistance in periodic composites. In the presence of an external magnetic field, the conductivity (r) is no longer a scalar, or even a diagonal tensor. To describe a composite in the presence of a magnetic field, therefore, we first separate the conductivity tensor into diagonal and off-diagonal parts,
where, in general, both d and a will be position dependent. In the present work, we will consider only a special case satisfying the following assumptions: i j a ϭϪ ji a and a a (r). The first assumption will be valid for many materials in a magnetic field H. The second assumption is obviously valid only for materials in which the Hall conductivity is position independent. While this assumption fails for many composites, we argue below that it can be considered valid for a composite of normal free-electron metal (N) and perfect conductor (S). For simplicity, we will consider only a two-component composite, though the approach can be generalized to any number of components.
We choose the external magnetic field to lie along the z axis ͑see Fig. 2͒ . Then the conductivity tensor in the normal ͑free-electron͒ material is given by
Here Hϭ c is the dimensionless magnetic-field strength, c ϭeB/(mc) being the cyclotron frequency ͑where B is the magnetic induction, e is the electronic charge, m is the electron mass, and c is the speed of light͒, and is a characteristic relaxation time.
In the perfect conductor, we write the conductivity tensor as
where Î is the 3ϫ3 unit matrix, and we later take the limit S 0 →ϱ. With this assumption, the antisymmetric part of the total conductivity tensor is position independent as required. While the magnitude of the antisymmetric part in the S component has no physical significance, it becomes irrelevant in the limit of large S 0 . Thus, our model is reasonable for treating the ''classical'' properties of a composite of normal metal and perfect conductor, 17 i.e., those which are determined by the solution of Maxwell's equations in an inhomo- geneous conductor. It would need to be modified if quantum phenomena such as Josephson coupling are important.
With these assumptions, the off-diagonal terms of Eq. ͑2͒ cancel out. The remaining diagonal problem can be discretized on a square or cubic lattice in the form of Eq. ͑3͒. The potential at each site of the lattice is now determined entirely by the diagonal elements of the conductivity tensor. The corresponding diagonal elements ␣␣ e (H) of the effective conductivity tensor are then obtained by considering an electric field ͗E ␣ ͘ applied in the ␣th direction and finding the resulting space-averaged current density ͗J ␣ ͘:
The off-diagonal elements are, of course, just the elements of a (H).
If the geometry happens to possess translational invariance along one axis, the problem can be further reduced to only two dimensions. As further discussed in Sec. IV below, we choose this direction to be perpendicular to the H field and denote it as the y axis. The problem we consider is then equivalent to a periodic array of parallel cylinders, with the magnetic field applied in a direction perpendicular to the cylinders. The geometry is shown in Fig. 2 . The results of calculations in this geometry should be applicable to the observed transport properties of a thin slice of such a composite taken perpendicular to the cylinder axis, i.e., to a 2D normalsuperconducting array with magnetic field parallel to the plane of the array, in the ''classical'' regime.
In the y direction, the N and S components of the composite are connected in parallel. In Sec. IV, we present the results of several calculations using this model.
III. ISOTROPIC CONDUCTIVITY
To illustrate this approach, we have considered a set of periodic two-dimensional composites with isotropic conductivities. Specifically, we have assumed a square unit cell with inclusions of four different shapes ͑Fig. 1͒: circular, square, prismatic, and cross shaped. Our crosses have arms of equal lengths and widths; see Fig. 1͑d͒ . Except for the square, each shape leads to a network of inclusions which percolates ͑i.e., forms an infinite connected path͒ for some areal fraction p ϭ p c Ͻ1. (p c ϭ0.50,0.56,0.79 for the prismatic, cross shaped, and circular inclusions, respectively.͒ For inclusions of each shape, we increase p by uniformly increasing the linear dimensions of the inclusions. For pϾ p c , when the inclusions start to overlap, we interpret every point in the plane which is covered by at least one inclusion to have conductivity 2 . Figure 3 shows the ratio of e to the host conductivity 1 for this network as a function of areal inclusion fraction p for a conductivity contrast rϭ 2 the shapes considered, only the squares have a percolation threshold p c ϭ1, as predicted by the MG approximation. The other geometries all have p c Ͻ1, and among these, the circular case does most closely resemble the MG predictions below p c .
Near pϭ1, e varies approximately linearly with p in all samples except those with square inclusions. To a good approximation, the slope in this regime is d e /dpϭϩ2 2 for the other three cases. This slope is in excellent agreement with both the effective-medium approximation in 2D, and the MG approximation for poorly conducting inclusions 1 in a host of conductivity 2 ͑upper MG curve͒, both of which also agree with the exact result in the limit of small 1Ϫp. 9 Cross-shaped samples show the best agreement, since, above p c ϭ0.56, they become square inclusions 1 embedded in a host of conductivity 2 . Presumably, this linear dependence would become exact in the limit of large contrast for any pϾ p c , since in that regime, all the current would flow through the high-conductivity material. Square inclusions, of course, do not exhibit this slope because for all pϽ1 all the square samples lie below the percolation threshold.
Note that, because of the discreteness of the grid, our approach does not permit a completely arbitrary choice of p. This discreteness problem is probably worst for the circular inclusions, which can only be approximately realized on a square grid. This effect may account for the slight noisiness of the data in Fig. 3 ͑and also in Fig. 5 below͒. Both of these minor deficiencies can, of course, be mitigated to any desired extent by using a finer grid.
The electrostatic equations which determine effective conductivity are formally identical to those which determine the bulk effective dielectric constant ⑀ e in a composite of two different dielectrics. Because of this formal analogy, our results can be compared to some recent calculations of ⑀ e , based on other approaches. Table I shows ⑀ e , as calculated for a periodic dielectric consisting of prismatic inclusions of dielectric constant ⑀ 2 embedded in a host of dielectric constant ⑀ 1 , using various approaches. The results are tabulated as a function of p (Ͻ p c ) and ⑀ 2 /⑀ 1 . The top two panels show the results of Milton et al. 1 and of Bergman and Dunn, 4 using analytical approximations. The bottom panel shows our calculations ͑based mostly on a 50ϫ50 network unless otherwise noted͒. Evidently, our results are in excellent agreement with those of Ref. 4 , except close to p c , where apparently an extremely fine mesh is required to achieve agreement. We view these results as evidence that our simple numerical approach gives accurate results even in the case of fairly large contrast and large defect concentration. We believe that our results deviate from those of Milton et al. precisely While most of our geometries exhibit percolation at an areal fraction p c Ͻ1, e near p c does not behave as it does for percolation in a random composite. In the random case, it is thought that ͑in the limit 2 / 1 ӷ1) e Ϸ 1 (p c Ϫp)
Ϫs for pϽp c and e Ϸ 2 (pϪ p c ) t for pϾp c , with sϭtϷ1.30 in dϭ2. 16, 20, 21 For the present case of periodic percolation, although we have not made a careful study near p c , Fig. 3 suggests that the analytical form of e (p) will be quite different, and also that it may depend on the inclusion shape. We speculate that the seeming discontinuous jump in e / 1 near p c is just an artifact of our finite grid density.
IV. MAGNETORESISTANCE IN A PERIODIC NORMAL/ PERFECT CONDUCTOR COMPOSITE
Next, we consider the magnetoresistance of a periodic composite. Specifically, we study a periodic array of parallel, perfectly conducting cylinders embedded in a normal host, using the model of Sec. II B. The magnetic field and cylinder axes are taken as the z and y directions, respectively. Figure  2 shows an example of such a geometry: a square array of right circular cylinders, with H perpendicular to the cylinders and parallel to an axis of the square array. We have also considered another geometry, in which H is still perpendicular to the cylinders but oriented at a 45°angle to an axis of the square array. These choices allow us to probe the variation of magnetoresistance with field orientation. In actual calculations, we used N 0 ϭ1 and S 0 ϭ10
8 . In each geometry, we calculate both the transverse and the longitudinal magnetoresistance, i.e., ͑taking Hʈz) ⌬ xx (H)ϵ͓ xx (H) Ϫ(0)͔/(0) and ⌬ zz (H)ϵ͓ zz (H)Ϫ(0)͔/(0), where (0) is the zero-field resistivity in the xz plane. Figure 4 shows ⌬ xx (H) and ⌬ zz (H) for several values of volume fractions pϽp c ϭ0.79 of S inclusions, and two orientations of H in the plane perpendicular to the cylinder axis. In both orientations, there is clear evidence of anisotropy between ⌬ xx (H), which usually increases without bound for a given p, and ⌬ zz (H), which always saturates at high fields. The same behavior is exhibited differently in Fig.  5 , where we show the magnetoresistances plotted versus p at several fixed values of H. For most values of p, the transverse magnetoresistance varies roughly as H 2 . We have therefore divided ⌬ xx (p) by a factor H 2 in Figs. 5͑a͒ and 5͑b͒. The longitudinal magnetoresistance has not been similarly scaled ͓Figs. 5͑c͒ and 5͑d͔͒.
Both components of magnetoresistance fall to zero at p ϭp c , and do so more or less sharply depending upon the orientation and strength of H. This behavior is to be expected, since, once the S component percolates, the composite as a whole should be perfectly conducting. For orientation I (H parallel to one of the axes of the square lattice͒, at each field strength shown, ⌬ zz first rises to a maximum at p Ϸ0.35 then falls back to zero. This result is reminiscent of an earlier calculation, 17 which found a peak in the transverse magnetoresistance in a three-dimensional NS composite with random, spherical S inclusions. Possibly, the topological differences between the two models account for the fact that, in our model, the peak appears in the longitudinal magnetoresistance. As in Fig. 4 , there is a large difference between ⌬ xx and ⌬ zz .
The anisotropy between ⌬ xx (H,p) and ⌬ zz (H,p) is not very surprising, since the conductivity tensor of the normal metal is highly anisotropic. More remarkable is the strong anisotropy as a function of magnetic-field orientation in the xz plane. We now argue that this anisotropy is due to a percolationlike effect. The argument is most easily presented for ⌬ xx (H,p), the component of magnetoresistance perpendicular to the magnetic field. In this case, according to Sec. II B, the normal metal can be treated as an anisotropic network, with much higher conductances parallel than perpendicular to H. In the perpendicular ͑i.e., the x) direction, therefore, xx e will be large unless the current can find a path which runs entirely in the z direction in the normal metal, but in either direction in the perfect conductor. Such a path will be possible only if the areal fraction of superconductor exceeds a certain critical fraction p c *(), where is the angle between the magnetic field and one of the axes of the square lattice.
For ϭ/4, it is readily verified that p c *(/4)ϭ/8 Ϸ0.39. Thus, for ϭ/4, we expect ⌬ xx to drop dramatically at pϷ p c *(/4), especially at large fields H where the anisotropy of the normal metal is greatest. For ϭ0, on the other hand, p c *(0)ϭ/4ϭ0.79, equal to the actual percolation threshold; so no such drop should be observed until the composite as a whole becomes perfectly conducting. Indeed, the numerical results of Figs. 4 and 5 show just such percolation behavior. The values of p c * may, however, be shifted slightly relative to the above predictions, which are accurate only for asymptotically large H fields.
The actual value of p c *() can be determined by a simple graphical construction which is illustrated in Fig. 6 for circular cylinders on a square lattice. To find p c *() at any given , one constructs a straight line at angle to one axis of the lattice, as shown. p c *() is the smallest value of p such that any such straight line is sure to intersect some of the perfectly conducting cylinders. For most values of , we expect p c () to be quite small, possibly zero, but for selected 's such that tan is a rational number p/q with p and q small integers, p c *() will be nonzero.
V. SUMMARY AND DISCUSSION
We have described and applied a simple approach for calculating the effective conductivity ͑or dielectric constant͒, and the electric-field distribution, in a periodic composite. The method is applicable to both two-and three-dimensional systems, and is accurate for arbitrary concentrations of inclusions, conductivity contrasts, inclusion shapes, and numbers of components. It can readily be extended to anisotropic composite media, such as would be produced by placing an isotropic metallic composite in an external magnetic field.
It is useful to compare the advantages and disadvantages of the method just described to others in the literature. etry. The methods using k-space expansions do not require such recalculation, but they may require large numbers of plane waves, since the composite dielectric functions change abruptly in real space. By contrast, the present method can be equally well applied to any geometry and filling fraction, and the inclusions need not have a convenient symmetrical shape, as is useful in the basis function approaches. On the other hand, the iterative relaxation scheme for solving these equations can converge quite slowly, and this may lead to inaccuracies. Other procedures, such as over-or underrelaxation, might provide more accuracy, or at least faster convergence to a solution, but we have not tested this possibility in the present paper. Finally, our approach is straightforward and direct to apply, requiring only the use of standard numerical methods for solving sets of linear inhomogeneous algebraic equations. Thus, in sum, each of the methods described here might be particularly convenient for different periodic composites.
Our numerical results for isotropic composites in two dimensions show that this approach is potentially as accurate as various existing analytical approximations for treating periodic composites. When we apply the method to periodic arrays of perfect conductors embedded in a normal-metal host, we find a striking anisotropy in the magnetoresistivity as a function of the applied magnetic field orientation within the plane of the array. The calculated anisotropy is consistent with a simple percolation argument applied to anisotropic composites. Although no experiments seem to have been carried out for this geometry, a similar experiment, carried out for a periodic mesoscopic antidot array, yields a similar ͑and very large͒ anisotropy which is correctly reproduced by a semiclassical calculation such as ours. 22 Since fields such that c ϭ10Ϫ50 are readily attainable in many normal metals and lie below H c2 in many superconductors, it seems feasible that periodic NS arrays could be fabricated in which such experiments might be carried out.
Finally, we note that the approach used here can, in principle, be made arbitrarily accurate, subject only to the limitations of a finite mesh density and the convergence of the iterative algorithm. ͑Of course, it also depends on the assumption that the conductivity can be described without considering quantum corrections.͒ It should also work for complex conductivities, as expected at finite frequencies. Thus, the present simple approach may be useful for treating a variety of ''classical'' transport problems in periodic composites.
